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The Ising magnetization exponent is ^ 

Federico Camia Christophe Garban Charles M. Newman 

Abstract 



In this paper, we prove that for the Ising model defined on the plane Z 2 at j3 = (3 C , the 
average magnetization under an external magnetic held h > behaves exactly like 

The proof, which is surprisingly simple compared to an analogous result for percolation (i.e. that 
CD 0(p) = (p - p c ) 5 / 36 +°W on the triangular lattice [SW01I IK87] ) relies on the GHS inequality. 
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i/S 1 Introduction 
O 

The classical Ising model on a finite domain A^ := [—L,L] 2 C Z 2 with + boundary condition and 
with external field h > is defined as follows: for any spin configuration a € { — 1, 1} Al , let 

J><J £ L (cr) := -^ct^ - ^ (1.1) 
03 

be the interaction energy. Here the first sum is over nearest neighbor pairs in and the second is 
over sites in dAi, the boundary of A^. Let also 

M L {a) := °x (1-2) 

xGA L 

be the total magnetization in A^. The Ising model on Al with inverse temperature /3, with + 
boundary condition and with external magnetic field h > is the probability measure on 
{-1,1} Al defined by 

Pf' h '+[(j] := -J—e-^M+hi^) j (L3) 
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where the partition function Zl ^ ^ is simply defined as Yl a EL ^ +hMh<yCr \ 

As is well known, the measures p^ h,+ have a unique infinite volume limit as L — > oo, that we 
denote by (in fact, when h > 0, adding the + boundary condition does not have any effect 

on the infinite volume limit). Since the work by Onsager ( [044] ) . it is known that if h = 0, then 
this system undergoes a phase transition at 

&=iln(l + V2). (1.4) 

See for example [Gri06| and references therein and see [BD10| for a recent self-contained proof. 

In this paper, we are interested in the behavior of the Ising model on Z 2 near its critical point 
at j3 = f3 c but with a small external magnetic field h > 0. Our main theorem is the following. 

Theorem 1.1. Consider the Ising model on Z 2 at {3 C with a positive external magnetic field h > 0, 
thenE 

((?o)p c ,h x his . 



The proof of this theorem assumes the following celebrated result by T. T. Wu. 

Theorem 1.2 (T. T. Wu, see (W66j [M W73J ) . There exists an explicit constant c > such that as 
n — > oo 

p(n) ■= (cr (0j0) (T( nin )) ~ cn~ 1/4 . (1.5) 

See Section 1.2. in |CGN12| for a discussion of the status of Wu's result. See also Section [4] 
where we state a theorem which does not assume Wu's result (in particular, it turns out that by 
assuming much less, one still obtains the exponent ^ in a weaker sense-see Remark 4.2). 

Since the quantity (<7o)/3 Cl >i can be interpreted as the probability that the origin is connected to 
the ghost vertex in the appropriate FK percolation model defined on Z 2 U {ghost} (see Section pil), 
one can think of our main result, Theorem |1.1[ as an analog of the following theorem by Smirnov 
and Werner. 

Theorem 1.3 (Smirnov and Werner jSWOlj ). The percolation function 6(p) on the triangular grid 
has the following behavior for p > p c = 1/2: 

9{p) = (;p-l/2) 5 / 36+0 «, 

as p-> 1/2+. 

Our main result is also an analog of the following celebrated result of Onsager on Ising spon- 
taneous magnetization, except that our result concerns the near-critical regime in the h direction 
rather than in the (5 direction. 



Theorem 1.4 (Onsager |Q44] ). 



1 In this paper f(a) x g(a) as a \ means that f(a)/g(a) is bounded away from zero and oo while /(a) ~ g(a) 
means that f(a)/g(a) — > 1 as a \ 0. 
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Let us end this introduction by stating the Griffiths-Hurst-Sherman inequality from |GrHS70j 
which will be essential to our work. 



Theorem 1.5 (GHS inequality [GrHS70]). Let G = (V,E) be a finite graph. Consider a ferro- 
magnetic Ising model on this graph (i.e., the interactions J e for e = {i,j} G E are non-negative) 
and assume furthermore that the external field h = (h v ) v£ v (which may vary from one vertex to 
another) is positive. Under such general assumptions, one has for any vertices i,j, k G V: 

{aiO-jO-k) - ((<7i) (<Tj<Tk) + (Oj) (°~i°~k) + {o~k) {Vi&j}) + 2 (°"i) { a k) < . 

This inequality has the following useful corollary. 

Corollary 1.6. Let G = (V,E) be a finite graph and let K C V be a non-empty subset of the 
vertices. Let us consider a ferromagnetic Ising model on G with the spins in K prescribed to be + 
and with a constant magnetic field h > onV \ K. Then the partition function of this model, i.e., 

Zp,h ■= ^2 exp ~@ ^2 J {ij} aia i + h ^2 en 
ae{-,+} v \ K \ «~jev iev\K 

satisfies 

^log(^)<0. 

Proof. Since the partition function Zp^ for a (non-constant) external field h has d^dh dh k logZp^ 
given by the LHS of the displayed inequality of Theorem |1.5[ this is an immediate corollary. □ 



2 Proof of the upper bound 

Recall that, for any L G N, 

M L = ^ a x 

xEAi 

is the (non-renormalized) magnetization in the square Al = [—L,L] 2 . If some boundary condition 
£ is prescribed on Al, we will denote the magnetization by M^. In the same fashion, we will denote 
by Mf 2 the magnetization in with boundary condition inherited from the full-plane 1? . In 
particular, by translation invariance, one has 

I L | 

for any L G N. 

By monotonicity one has, for any L > 1, 

{a ) Pcth <^^ + [ML\. (2.1) 
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The main idea in the proof of the upper bound is to rewrite the expected magnetization 
E^' h '+[M L ] as follows: 

{M L e L )/3 e ,o,+ _ m\ e )Pc,Q,+ 



and then to apply the GHS inequality. Indeed the latter (recall Corollary 1.6) says that, for + 
boundary conditions, 

93 logfe^e-^^M+^M) <0 



dh 



~o / 9 i„hM j \ 



m?\ ( e fcM t) /Je , , + 



< o 

< o. 



Let F(h) =F L {h) 



9 Ihm l , c '°' + = {M L )p c ,h,+. Then one has for any h > 0: 
F(h) < F(0) + hF'(0) 

L)/3 c ,0,+ + h{[lM L/ ,,.„._ - <<u L ; (i _„_. 



(2.2) 



= (M L ) A)0l+ + h{(Ml)p Bt0 ,+ - (M ' 
We will use the following Proposition from [CGN12]. 

Proposition 2.1 (Proposition A. 2 in |CGN12| ). There is a universal constant C > such that for 
L sufficiently large, one has 

(i) (M L )e c , , + <CL*p(L)^ 
and 

(ii) (M 2 L )p cA+ <CL±p(L). 



Plugging the inequalities of Proposition 2.1 into (2.2) and using Wu's result, Theorem 1.2, gives 
us the following upper bound for F(h): 



F{h)<C{L 1 ^ + hL lb l i ). 



Plugging this into (2.1) gives us 

<^o W < F(h) < C(L«/s + hL ^)/L 2 . 

Optimizing in L = L(h) > 1 leads to /iL(/i) 15 / 4 x L(/i) 15 / 8 , which in turn gives 

L(h)xh~ 8 / 15 . 

Thus 

(o-o)p c ,h < 0(1) z l^L(/ l ) 15 /8 = o(l) L(h)- 1 / 8 
< 0(1) /i 1/15 . 

which concludes the proof of the upper bound in Theorem |1.1| 



(2.3) 
(2.4) 



(2.5) 

(2.6) 

□ 
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Remark 2.2. One might wonder why dominating by the + boundary condition was a necessary 
step here. The reason is that one cannot apply the GHS inequality to the finite volume quantity 
, since the magnetization field is also increased "outside" A^. Note that if one had worked 
without the + boundary condition, then F(0) would be zero, and one would obtain a suspicious 
upper bound on (ao)p Ct h °f the- form /iVar[M^]^ Q x /1L 15 / 4 valid for all L > 1. This would clearly 
be wrong since, taking L = 1, it would give an upper bound on (cxo)/3 c ,/i of order h, which is too 
small compared to the correct behavior of /i 1 / 15 . 



3 Proof of the lower bound 

The lower bound is more classical and may have been already known although we did not find a 
reference. For completeness, we include it here. 

Let us first settle some notation. We denote by P Pci h the FK percolation model representing the 
Ising model at (3 C with positive magnetic field h > 0. It is a model of FK percolation defined on 
the extended graph G = (V, E) where V = Z 2 U {g} (the vertex g is commonly called the ghost 
vertex) and E is the usual set of nearest-neigbor edges E 2 plus all the edges of the form e = {x, g}. 
(See, for example, |Gr671 IABF871 ICPS99 ] for the use of the ghost vertex in the Ising model and in 
FK percolation.) Furthermore, each edge e € E 2 carries a weight p c = 1 — e~^ c , while each edge 
e = {x, g} carries a weight := 1 — e~ h . It is well known that F Pc: h stochastically dominates F Pc 
(denoted IP Pc ,h > IPp c )- Furthermore, in the plane Z 2 , one has 

In the rest of the paper, the FK percolation configurations sampled according to IV h will be 
denoted u)h = (^>h,Th), where the component Uh denotes the configuration of open edges lying in 
Z 2 , while the component corresponds to the set of open edges going from points in Z 2 to g. 

For any configuration of edges ui in the plane (i.e., any cj C E 2 ), let C(lo) be the connected 
component of the origin. Note that with such a definition, C(cj^) might be strictly smaller than the 
connected component of the origin in the (enlarged) configuration Uh- 

Since ^ Pc! h V- Pp c j the restriction uj^ stochastically dominates the standard ojq ~ Pp c ,o- in 
particular, 

(\C(u; h )\) Pc>h >(\C(uo)\) Pc ,o. 
For M £ N + , let A M be the event 

A M (u) :={\C(u)\ > M}. 

For any M G N + , one has 

(a o ) w = P Pcift [0«g] 

> P pcA [A M (oj h ) and g] 

= F pcth [A M (u h )]F pcA [0^g \ A M ] 

> P pci0 [A M (uoj\ F pcth [0 o g | A M ] , (3.1) 

since the event Am is clearly increasing and since Uh ^ ojq. 

In order to conclude the proof of the lower bound, we use the following two lemmas. 
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Lemma 3.1. There exists a constant c\ > such that for any M E N + ; 

¥ pcfl [A M (u )] =F pcfi [\C(u Q )\> M] ^dM- 1 / 15 . 
Lemma 3.2. There is a constant C2 > such that for any M 6 N + and any h > 0, 

¥ pcA [0^g\A M ] <e- c * hM . 
Before detailing the proofs of these lemmas, let us see why they enable us to conclude the proof 



of the lower bound. By combining the above lemmas with (3.1), one has that, for any M £ N , 



(a )^ h >n(l)M- 1 / 15 (l-e- C2hM ). 

Now, optimizing M E N + , one finds that M should be chosen so that M X h . This particular 
choice of M gives the lower bound of ^(l)/;, 1 / 15 . □ 



It remains to prove Lemma 3.1 and Lemma 3.2 



Proof of Lemma |3.1[ For any radius 22 > 1, let Cr be the event that there is an open circuit in 
the annulus A(R/2, R) := Ar \ Ar/ 2 . We will also write f-> R to denote the event that f-> 8Ar. 

V Pc ,o[M =P Pb ,o[|C(w )|>M] 

> P pcj0 [0 22, C R ]F pcfi [\C(co )\ > M | o 22, C R ) 

> P pcj0 [0 o 22] P Pcj0 [C fl ] P Pcj0 [|C(w )| > M | o 22, C fl ] (by FKG) 

> ^(l)i?- 1 / 8 P Pc , [|C(wo)| > M | «+ 22, C R ] , (3.2) 

by RSW from [DHNllj (see also Lemma A. 3 of |CGN12 ]). 

It remains to prove that if the radius R > 1 is chosen (as a function of M) to be f2(l)M 8 / 15 , 
then one has 



- p. 



i0 [|C(wo)| >M | 0o22, C fl ] > 0(1). 



This is easily done by a second moment argument on the random variable N := \C(ojq) n Ar\. 
Indeed, denoting x + Ar by B(x, R), we have 

E pcfi [N \0^R,C R ]= ^ P pci0 [0 ^x\0^R,C R ] 

x£A R 

> P pc,o [ x ° 9B (. X > 222) | <-> R, C R ] 

x<=B(0,R/2) 



>Q(l)R 2 F pcfl [0^2R] 
> 0(l)22 15/s . 



By translation inva- 
riance and FKG 
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For the second moment, one has 

E pcfi [N 2 \0^R,C R ]= P Pc,o[0 O x,0 O y | O i?, Cr] 

< y T 1 (by FKG) 

Now, a standard dyadic summation (as for example in Section 4.3 or 7.2 of [GPS10]) gives 

P fc0 [0Hi,0H 9 ,0Hfl] x R*F pe>0 [0 R] 3 , 

x,yeA R 

which implies the following upper bound on the second moment: 

E pcfi [N 2 \ ^ R, C R ] <0(l)i? 15 / 4 . 
By the second moment method, there exists a constant c > such that 

P Pc ,o[|C(w )| > cR 15/8 \0^R,C R ] >c. (3.3) 
Now let us choose i? = i?(M) so that oR 15 / 8 = M, i.e., R := CM 8 / 15 . Plugging this choice into 



(3.2) and using (3.3) concludes the proof of Lemma 3.1 



□ 



Proof of Lemma 3.2 , Sample the configuration Uh (which by definition is the configuration Qh 
without the edges going from Z 2 to the ghost g) according to the conditional measure P h [• | Am] ■ 
Let k := |C(o;fe)| (in particular k > M) and index the k vertices in C(uh) 

in any order: X\ } • • • x^. Let 

Ti for i = 1, . . . , k be the edge going from vertex X{ to the ghost. Sample the edges ej one at a time 
knowing the configuration Uh as well as the edges ej already sampled. For any i 6 {0, . . . , k — 1}, 
by a quantitative version of the finite energy property, one has 



■ Pc ,ti[ ei + 1 1S °P en l^h, ei, 
for some constant c > 0. This implies that 



,eA >ch, 



' Pc 



,h[°^s\ Am] = I Am ] p P c,J c K) w g I w h) A M ] 



< (1 -c/i) |CK)l 

< (1 - c/i) M , 



which easily concludes the proof of Lemma 3.2 



□ 
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4 Without assuming T. T. Wu's result 



If one does not want to assume Wu's result, instead of Theorem 1.1 one obtains the following result. 

Theorem 4.1 (without assuming T. T. Wu's result). Consider the Ising model on 1? at (3 C with a 
positive external magnetic field h > 0, then 



(<ra)pc,h - Vp( L ( h )) 



1 



hL(h) 2 ' 



where the correlation length L{h) is defined as follows: 

L(h) := inf II > 1 : L 2 yJp(L) > ^ J 



(4.1) 



Remark 4.2. Note that if one could show that o£ K (e, 1) := F pc [dA(e/a) o dA(l/a)] X e 1 / 8 with 
an SLE computation, this would imply, without assuming T. T. Wu's result, the following estimate 
on the average magnetization at f3 = f3 c as h — > 0+: 

This highlights that we do not need the full strength of T. T. Wu's result to obtain the exponent 

Proof. The proof of the upper bound works exactly in the same fashion as before since one can rely 
on Proposition 2.1 which was proved in the appendix of [CGN12 without relying on Wu's result. 

For the proof of the lower bound, we need to replace Lemma 3.1 by the following (note that the 
proof of Lemma 3.2 did not assume Wu's result). 

Lemma 4.3. There exists a constant c\ > such that for any M £ N + ; 



a)0 [|C(wo)|>M] > d y/p(L( Cl /M)) , 



where L(-) is the correlation length defined in (4-D- 



To see why this holds, one proceeds in the same fashion as in the proof of Lemma 3.1, using 



some radius R to be chosen later (as a function of M). As in the appendix of |CGN12| . one finds 
the following bounds on the first and second moments of the random variable iV defined above: 

fE pc>0 [iV \0^R, C R ] > Sl{l)R 2 p{R) l l 2 
[E pcfl [N 2 \0^R,C R ]< 0{l)R A p{R) 

Therefore by the second moment method, there is some c > such that iV is larger than 
cR? p(R) 1 / 2 with positive conditional probability at least c > 0. Now with 
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R = R(M) := mf{R > l,R 2 p(R) 1 ' 2 > -M} =: L{c/M) 

c 

the same proof as above gives us that 

V Po , [M >cF prfi [0^L(c/M)} 



(4.2) 



> 



C 



p{L(c/M)) 
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where we use in the last inequality the bound on P^§[0 o N] from Lemma A.3 of |CGN12| . This 

concludes our proof with c\ = c/C < c. □ 

Combining the above estimates, and using M := ^, we find that 

(a )^ = P pcj JO^g] 

> P Pci0 [A m {uq)] F pcA [0 o g | A M ] (4.3) 

> Cl ^p{L{h))(l-chrl h (4.4) 

>n(l)y/p(L(h)), (4.5) 

which completes the proof of Theorem |4j □ 
Acknowledgments. The authors thank Douglas Abraham for useful discussions. 
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